We investigate the influence of light-matter interactions on correlated quantum matter by studying the paradigmatic Ising model subject to a quantum Rabi coupling. This type of coupling to a confined, spatially delocalized bosonic light mode, such as provided by an optical resonator, resembles a quantized transverse magnetic field of tunable strength. As a consequence, the symmetry-broken magnetic state breaks down for strong enough light-mater interactions to a paramagnetic state. The non-local character of the bosonic mode can change the quantum phase transition in a drastic manner, which we analyze quantitatively for the simplest case of a chain geometry (Dicke-Ising chain). The results show a direct transition between a magnetically ordered phase with zero photon density and a magnetically polarized phase with lasing behaviour of the light. Our predictions are equally valid for the dual quantized Ising chain in a conventional transverse magnetic field. arXiv:2003.05804v2 [cond-mat.str-el] 
I. INTRODUCTION
The investigation of quantum critical behaviour in correlated quantum many-body systems is an active research field over many decades in condensed matter physics; intriguing universal behavior close to quantum critical points gives rise to many fascinating quantum materials with exciting collective effects. Indeed, such physics can be understood in terms of universality classes, which are only dependent on dimension and the underlying symmetry of the system. As a consequence, the quantum critical properties of quantum matter can be described by paradigmatic models for each universality class, which in many cases correspond to interacting quantum spin systems. The most paradigmatic model in this context is the nearest-neighbor Ising model [1] .
In contrast, in standard quantum optics setups, the goal is to understand and exploit the influence of (strong) light-matter interactions on a collection of non-interacting matter entities such as spins, atoms, or molecules. Such interactions are obtained by an increase in the optical density of modes around electronic resonances as it is typically done in cavity quantum electrodynamics [2] [3] [4] . The non-local character of the interaction gives rise to an effective, typically long-range coupling, between the matter degrees of freedom leading to many interesting physical effects. For example, cavity-induced long range interactions in a quantum degenerate gas inside an optical resonator can give rise to non-equilibrium quantum phase transitions as well as to novel quantum phases such as supersolids or spin glasses [5] . Among other models, the simplest one typically studied is the quantum Rabi (or Dicke) Hamiltonian where isolated quantum spins are coupled to a quantum light mode [5] .
It is then a natural next step to investigate the interplay between strong matter-matter and strong light-matter interactions. From a condensed matter perspective one might expect to tune the properties of quantum materials by quantum light as recently theoretically discussed [6] [7] [8] [9] [10] . From a quantum optics perspective one might aim at engineering interesting novel facets of quantum light which exploits the mapping of the intrinsic matter-matter corelations onto photons. On the experimental side, this research direction is currently actively pursued especially towards engineering novel materials with optimized functionality such as enhanced charge/energy transfer and transport in organic semiconductors [11] [12] [13] , modified chemical reactivity [14, 15] or modified superconducting transition temperatures [16] . Recent theoretical [17] and experimental [18] endeavors with quantum gases have shown the occurrence of non-equilibrium phase transitions which are characterized by spinor self-ordering in the presence of quantum field driving.
Here we approach this interesting physical domain by adding the above mentioned most paradigmatic models for matter-matter and for light-matter interaction, namely the nearest-neighbor Ising model and a quantum Rabi Hamiltonian. We show that the quantum Rabi Hamiltonian corresponds to a quantized transverse magnetic field, so that we dub the full system quantized transversefield Ising model (QTFIM). Indeed, for a finite density of photonic states, the quantum Rabi coupling reduces essentially to a classical transverse magnetic field while the discrete quantal character of the light becomes essential when the photon number is small and the coupling is large. It is then possible to tune a zero-temperature quantum phase transition by varying the strength of the quantized transverse magnetic field stemming from the light-matter interaction. For weak fields, the system realizes a magnetically ordered symmetry-broken phase with a small number of photons. In the strong-coupling limit the matter system is a quantum paramagnet while the light component reaches a lasing regime well described by a coherent state.
This general behaviour is qualitatively and quantitatively analyzed here for a QTFIM on a one-dimensional chain. The relevance of this model has been proposed for a variety of experimental platforms [19] and a direct implementation within circuit QED has been shown [20] . We find that the quantum phase transition is drastically altered by the quantized nature of the transverse field.
While the conventional transverse-field Ising chain is exactly solvable [21] and known to be in the 2D Ising universality class, in contrast, the QTFIM chain possesses a Z 2 × Z 2 symmetry so that the phase transition becomes first-order [20] between two symmetry-broken phases. Here, we determine this phase transition quantitatively by exploiting the quantized nature of the field. In the thermodynamic limit, a perturbative treatment in the weak coupling regime indicates that the ground-state energy per site of the bare Ising model is unchanged to any order. In the strong-coupling lasing limit the results are shown to exactly correspond to the ones predicted by the conventional transverse-field Ising model (TFIM) of the high-field polarized phase. This is confirmed by numerical calculations for a finite number of spins. Furthermore, we extend a well-known duality for the TFIM to the QTFIM, which results in a quantized Ising chain in a conventional transverse magnetic field.
The article is organized as follows. In Sect. II we introduce the microscopic model we focus on in this work. In Sect. III we discuss the most important limiting cases of the QTFIM. Afterwards, in Sect. IV, we present our analytical calculations in the weak-and strong-coupling regime for the QTFIM on a one-dimensional chain. The analytical findings are combined with numerical diagonalizations for small systems in order to discuss the phase diagram of the QTFIM, which is done in Sect. V. In the final Sect. VI we conclude and elaborate on potential experimental realizations.
II. MODEL
We investigate the QTFIM being the sum of an Ising interaction and a quantum Rabi Hamiltonian
where the two interactions are expressed in terms of collective spin operatorsŜ α and a bosonic mode with annihilation (creation) operatorâ (â † ) and read
The collective spin operatorsŜ α with α ∈ {x, y, z} are defined asŜ α ≡ j σ α j /2 in terms of Pauli matrices sat-isfying [σ α , σ β ] = 2i αβγ σ γ such that [Ŝ α ,Ŝ β ] = i αβγŜγ . We denote the eigenbasis ofŜ x by |m j where the index j = 1, . . . , 2 N spans the whole Hilbert space and the possible values of m j are in the range {−N/2, −N/2 + 1, . . . , N/2}. Notice that each state |m j is N mj +N/2 -fold degenerate. Creation and annihilation operators are introduced asŜ ± =Ŝ x + iŜ y . A system with J > 0 (J < 0) is called (anti-)ferromagnetic. The expectation value M z := Ŝ z /N ∈ [−1/2, +1/2] is referred to as magnetization and represents the magnetic order parameter in the ferromagnetic case. For antiferromagnetic Ising interaction the staggered magnetization
The bosonic operators satisfy [â,â † ] = 1 and describe a confined light mode at frequency ω c . The photon-spin coupling g is obtained from the collective interaction of all spins with the bosonic mode and depends on the optical confinement (or equivalently, on the density of available optical states around the spin transition frequency). A relevant quantity and the proper order parameter for the light part of the QTFIM is the normalized photon number given by n ph := â †â /N .
The QTFIM possesses a Z 2 × Z 2 symmetry (Z 2 symmetry) for ω 0 = 0 (ω 0 = 0). The first symmetry refers to the spin-flip symmetry of the Ising model, which is present only for ω 0 = 0. In the pure transverse-field Ising chain this symmetry gives rise to a second-order phase transition in the 2D Ising universality class between the symmetryunbroken polarized phase and a symmetry-broken ordered phase with finite magnetization M z as order parameter. The second symmetry is already present in the pure quantum Rabi (Dicke) Hamiltonian (J = 0) and triggers the second-order superradiant quantum phase transition separating the normal phase and the symmetry-broken lasing phase with finite photon density n ph . Indeed, the combined transformationŜ x → −Ŝ x andâ → −â leaves the full QTFIM invariant.
With the notation α = g/(ω c √ N ) one can define a generalized (conditional) displacement operator D := exp αŜ x (â † −â) . This operator displaces a vacuum state into a coherent state in the photon subspace with an amplitude conditioned on the value of the S xoperator in the Hilbert space of the spins. The transformation diagonalizes the quantum Rabi Hamiltonian for the case ω 0 = 0 and transforms the Ising interaction as follows (see Appendix for derivation)
Interestingly, the displaced Ising interaction still contains a conventional nearest-neighbor Ising interaction extensively scaling with the number of spins, which is not coupled to the photonic operators. The other two terms are more complex representing different types of nearestneighbor spin interactions coupled to highly non-linear photonic operators. The latter do not contain contributions of the order α 0 , which we will use in Subsect. IV B to simplify the perturbation theory in the strong-coupling limit.
III. LIMITING CASES OF THE QTFIM
In the following we discuss several limiting cases of the QTFIM: the bare Ising model, the pure quantum Rabi Hamiltonian, and the transverse-field Ising model.
A. Ising model
In the absence of the quantum Rabi Hamiltonian, i.e., ω 0 = ω c = g = 0, the QTFIM reduces to the conventional nearest-neighbor Ising model. For ferromagnetic Ising interaction with J > 0 the model is unfrustrated on all lattice topologies so that there are two ferromagnetic ground states | ⇑ ≡ | ↑ . . . ↑ and | ⇓ ≡ | ↓ . . . ↓ . These two states are related by the Z 2 spin-flip symmetry which is an exact global symmetry of the Ising model. In contrast, for an antiferromagnetic Ising interaction with J < 0 the physical properties depend strongly on the underlying lattice. Bipartite lattices like the one-dimensional chain or the two-dimensional square lattice can be mapped exactly to the ferromagnetic case by an sublattice spin rotation about the x-axis: σ x → σ x , σ y → −σ y , and σ z → −σ z on one of the two sublattices. These cases are therefore also unfrustrated. However, lattices with loops of odd length like the triangular or the kagome lattice are highly frustrated and possess an extensive number of ground states and remain classicaly disordered even at zero temperature [22] .
The simplest case is the one-dimensional Ising chain, which we will focus on in most parts of this work. Here, for the antiferromagnetic case J < 0, the ground-state magnetization is M z = 0 while, for a ferromagnetic chain with J > 0, the ground-state magnetization of the fully polarized state | ⇓ is M z = −1/2. By introducing additionally a small longitudinal magnetic field hŜ z with h > 0 one obtains the longitudinal field Ising model (LFIM)
and the degeneracy of the ground state is lifted. The ground state is | ⇓ for J > −h/4 and | ↓↑↓ . . . for J < −h/4. Hence, as for the pure Ising model, the magnetization is again a step function where the transition is shifted towards J = −h/4 as shown in Fig. 1 .
Due to the longitudinal field the Z 2 spin-flip symmetry is absent for the LFIM in contrast to the pure Ising model. Hence, there is no spontaneous symmetry breaking as for the TFIM discussed in the next subsection and the change of magnetization signals a first-order phase transition.
B. Transverse-field Ising model
In the limit of ω 0 = 0 and large number of photons, the QTFIM reduces to the conventional TFIM
where h = g 2 /ω c . The mapping is achieved under the assumption that the photonic subsystem is in a coherent state, allowing the replacement of photonic creation and annihilation operators by their expection values (see Appendix). As for the pure Ising model, the TFIM possesses the exact Z 2 spin-flip symmetry σ
In the case of a ferromagnetic Ising interaction J > 0 the TFIM is unfrustrated and realizes a zero-temperature phase transition between a quantum paramagnet and a Z 2 -symmetry-broken phase for any lattice in any spatial dimension d [23] . The corresponding universality class is the one of the classical Ising model in dimension d + 1. The same behaviour is also found for an antiferromagnetic Ising interaction J < 0 on bipartite lattices, which can be mapped exactly to the ferromagnetic case by a sublattice rotation as already explained for the pure Ising model in Subsect. III A.
The situation becomes more complicated in the presence of geometric frustration where different types of quantum-critical behavior as well as exotic states of quantum matter are known to occur [24] . Important examples in the framework of fully-frustrated TFIMs are the antiferromagnetic TFIM on the triangular and pyrochlore lattice. For the triangular TFIM an order by disorder mechanism [25] [26] [27] gives rise to a ground state where translational symmetry is broken and the universality class of the quantum phase transition is 3D-XY [24, [28] [29] [30] . In contrast, on the pyrochlore lattice, disorder by disorder leads to a quantum-disordered Coulomb phase [31, 32] in the antiferromagnetic TFIM displaying emergent quantum electrodynamics and the quantum phase transition to the high-field quantum paramagnet is first order [33] .
The only exactly solvable case is the ferromagnetic (and antiferromagnetic) TFIM on a one-dimensional chain.
Here, a Jordan-Wigner transformation allows to map the TFIM to a quadratic fermionic Hamiltonian which can be diagonalized by Fourier and Bogoliubov transformations [21] . With the exact magnetization for h, J > 0 and λ := 2J/h (see also Fig. 1 ) one can easily obtain the exact quantum critical point which is given by λ c ≡ (2J/h) c = 1. Furthermore, it is straighforward to obtain the critical exponents which correspond to the ones of the classical 2D Ising model, e.g., the magnetization M z (or staggered magnetization M s z for an antiferromagnetic Ising interaction) scales as (λ − λ c ) β with β = 1/8 close to the critical point representing the order parameter of the system. For J h the ground state is nearly the polarized state | ⇒ whereas the ordered states | ⇑ and | ⇓ are approached for J h. Finally, we give the explicit analytic expression of the ground-state energy per site
which we will use in Subsect. IV B for the strong-coupling perturbation theory.
C. Quantum Rabi Hamiltonian
The limit of vanishing Ising interaction J = 0 corresponds to the quantum Rabi Hamiltonian where noninteracting spins 1/2 are collectively coupled via their total spin x-component to a single bosonic light mode described by creation and annihilation operatorsâ † and a , respectively.
While the model is generally unsolvable, some limiting cases are analytically tractable among which i) the case of degeneracy with ω 0 = 0, ii) the weak-coupling case with g ω c where the model is known as the Jaynes-Tavis-Cummings model [34] , and iii) the Dicke Hamiltonian in the limit of an infinite number of spins N → ∞ [35] [36] [37] . For the specific case ω 0 = 0 the energies are at least twofold degenerate so that we dub this limit the degenerate Rabi Hamiltonian. This is a consequence of [Ŝ x , H Rabi ] = 0 so that the eigenvalues ofŜ x are conserved quantities. The system therefore factorizes in a spin and in a photonic part. With the conditional displacement operator previously definedD := exp αŜ x (â † −â) and the propertyD †âD =â+αŜ x , the degenerate Rabi Hamiltonian can be transformed to the diagonal expression in Eq. (4a) (after setting ω 0 = 0). It is then straightforward to obtain the energies
with m j ∈ {−N/2, −N/2 + 1, . . . , N/2}. The corresponding eigenstates of H Rabi are given by the application of D † on the eigenstates |n ⊗|m j of the transformed Hamiltonian. Hence, the exact ground state has the quantum numbers n = 0 and m j = ±N/2 and is obtained by the action ofD † onto the ket (|0 ⊗ | ± N/2 ) leading to
where | ± N/2 are eigenstates ofŜ x and |n denotes a photonic state with n photons. The ground state has therefore a Poissonian photon distribution.
In the general case ω 0 = 0 the Hamiltonian has to be diagonalized numerically. Due to [Ŝ x ,Ŝ z ] = 0, the ground state is a complex, entangled state. However, for large values of g, the degenerate Rabi model (ω 0 = 0) is a good approximation as it can be seen in Fig. 2 . The ground-state energy for ω 0 = ω c converges towards the ground-state energy for ω 0 = 0 as g is increased and the photon distribution approaches a Poissonian distribution.
In the case where the spin-photon system is quasiresonant ω ≈ ω c and the coupling is very weak g ω 0 , ω c , one can perform a rotating wave approximation where energy non-conserving terms such asâŜ − are dropped out. SinceŜ x = (Ŝ + +Ŝ − )/2, the remaining Hamiltonian is
This model is also known as the Jaynes-Tavis-Cummings model. The light-matter interaction describes the transition from the higher energy level to the lower one by annihilating a photon and the other way around. The total number of excitations, i.e. the number of spins in state | ↑ plus the number of photons is always conserved, hence [H JCM , ω c (Ŝ z +â †â )] = 0 for any value of ω 0 . Consequently, an eigenbasis exists such that the representation of the Hamiltonian reduces to a blockdiagonal matrix. Then, for N spins, the problem reduces to the diagonalization of 2 N × 2 N -matrices. By exploiting symmetries, one can reduce the dimension of the block matrices further and obtain an analytical solution. As illustrated in Fig. 2 , the JCM approximates well the Rabi model for g ω 0 = ω c . For more general sets of parameters, a full check is however necessary to assess whether the rotating wave approximation is a valid simplification.
IV. QTFIM: ANALYTICAL CONSIDERATIONS
The full QTFIM given in Eq. (1) is now investigated for the case of a one-dimensional chain of N spins and nearest-neighbor Ising interactions. For the specific case ω 0 = 0, which we focus on in the following, this model is a modification of the TFIM, since the magnetic field h is replaced by the quantized transverse field g/ √ N (â † +â). We first discuss the weak-coupling limit in the magneti-cally ordered phase where the light-matter interaction is assumed to be small. Afterwards, we turn to a perturbative treatment of the strong-coupling lasing phase.
A. Weak-coupling limit: magnetically-ordered phase
We consider the weak-coupling limit g J, ω c for ω 0 = 0, where the system is magnetically ordered, i.e. the Z 2 spin-flip symmetry is spontaneously broken, and the density of photons is zero. The unperturbed Hamiltonian is therefore given as
and the perturbation reads
Here we calculate the corrections to the ground-state energy in powers of g. To this end we choose the symmetry broken magnetic state | ⇑ ≡ | ↑ . . . ↑ as one of the two Ising ground states so that the unperturbed ground state of the full model corresponds to
The associated unperturbed ground-state energy is given by E (0) 0,weak = −JN . Clearly, the first-order correction to the ground-state energy vanishes, since the light-matter coupling always changes the photon number by one. In second order, one obtains
The energy correction is therefore not extensive. The same is true in any order of perturbation theory. Indeed, since the perturbation scales as g/ √ N , one gets a suppressing factor N −k/2 in order k of perturbation theory which cannot be compensated by the appearing sums in the general perturbative expressions in order to yield an extensive contribution. As a consequence, in the thermodynamic limit N → ∞, the ground-state energy per site is exactly
Calculating the first-order correction to the ground-state vector, one obtains
where
Consequently, the magnetization is not altered in leading order in the thermodynamic limit, which is true to any order in perturbation theory.
B. Strong-coupling limit: lasing phase
Next we investigate the strong-coupling limit for ω 0 = 0 where the Ising interaction is treated as a perturbation to the Rabi Hamiltonian. We calculate the expression for the ground-state energy per site as well as the corrected ground-state wave vector from which the corresponding photon number statistics can be deduced. For both, energy and the ground state, we start by presenting the derivation which employs the displaced basis. However, in both cases the same results are also obtained in the bare basis, which we show explicitly for the ground-state wave function. Furthermore, for the ground-state energy, again two distinct approaches are pursued: i) a mapping onto the TFIM after ignoring negligible non-extensive contributions in the displaced Hamiltonian and ii) a mean-field approach based on the linearization around large classical amplitudes of the photon field under the condition g 2 /ω c 1 in the initial basis. Both approaches yield the same results and provide an elegant mapping of the QTFIM onto the TFIM which admits an exact solution for the chain geometry.
We first analyze the perturbation term in Eq. (4b) in the displaced basis as modification of the eigenenergies of the displaced diagonalized Rabi part of Eq. (4a). The unperturbed Hamiltonian is therefore given by
with eigenstates written as
where |n are the eigenstates ofâ †â and S x |m, l = m |m, l with an index l to take into account the degeneracy of the spin states. The corresponding bare eigenenergies are
independent of l. Apparently, the ground state is twofold degenerate with eigenstates
and energy E (0) 0,strong ≡ E (0) 0,±N/2,1 = −g 2 N/4ω c . Furthermore, we define the ground-state energy per site e (0) 0,strong = −g 2 /4ω c . Without loss of generality we choose the eigenstate at order zero of perturbation theory as |Ψ right .
In the following subsections we show that the perturbative strong-coupling expansion of the QTFIM chain is equivalent to the high-field expansion of the conventional TFIM, first by application of the perturbation theory introduced above and second within a mean-field approach. Afterwards, we present the first-order correction to the ground state and calculate the associated ground-state photon distribution.
Energetics
We calculate the ground-state energy per site e 0,strong = E 0,strong /N perturbatively in Jω c /g 2 for N → ∞ in the displaced basis.
The most important point to realize is that the last two terms on the right hand side of Eq. (4b) do not give rise to extensive corrections to the ground-state energy E (0) 0,strong for finite perturbation orders. The reason for that is the factor α ∝ 1/ √ N in the photonic expressions. Hence to obtain extensive perturbative corrections of the ground-state energy E 0,strong only the Ising interaction i σ z i σ z i+1 is relevant and the problem reduces to finding the ground-state energy of
where the light part is not written down anymore since it completely decouples from the spin part in this situation. If one assumes that the ground state of this Hamiltonian is a superposition of states which are given by a finite number of spin flips with respect to the unperturbed ground state (which we prove in the Appendix), theŜ 2
x operator can be rewritten for N → ∞ as follows. For a state resulting from flipping a < ∞ spins of |Ψ r the corresponding eigenenergy of
and the spectrum is equidistant. Therefore the unperturbed part of the Hamiltonian in Eq. (23) can be replaced by an effectiveŜ x operator and the total Hamiltonian reads
Comparing with the conventional TFIM on a chain Eq. (6), one immediately sees that for h = g 2 /ω c a perturbation in J/h yields the same ground-state corrections in H TFIM as in the QTFIM. We conclude that given the perturbation series obtained from the analytic expression for the TFIM e 0,TFIM (2J/h), the one of the QTFIM is e 0,strong
In regions where the perturbative expansion converges this can be expressed with the exact formula for the ground-state energy of the Ising model in a transverse field [21] given in Eq. 
The same result is obtained by a mean-field approach presented in detail in the Appendix where the photonic operators in the original Hamiltonian of Eq. (1) are replaced by â ( †) + δâ ( †) . Discarding fluctuations of order √ N and assuming that the photonic part is the coherent state, which solves the model for J = 0, leads to the same Hamiltonian as in Eq. (25) . Thus, mean-field theory in the light part is an equivalent approach to solve the model in the strong-coupling limit.
Ground state and photon distribution
Now we calculate the first-order correction |ψ (1) right to the unperturbed ground state |Ψ right of the Rabi Hamiltonian for ω 0 = 0 due to the Ising interaction. This can be done by performing the calculation first in the displaced basis and subsequently re-transforming to the original basis as shown in the Appendix. We further show that the computation of the ground-state correction using the bare basis yields the same result.
The first-order correction of the state vector leads to
where the states with two nearest-neighbor spin flips and therefore m = (N − 4)/2 are labeled as
and the coefficients f n are given as
The photonic displacement operatorD ph (z) is defined aŝ
and acts only on the photonic part of the Hilbert space. In order to calculate the photon distribution in the strongcoupling limit, we trace over the spin part of the total ground state |ψ right = |ψ where the photonic states are defined as follows
The photon distribution P (n) = Tr (|n n|ρ) is then given by the following expression
We stress that the first-order contribution to the ground state does not change the form of the photon distribution for N → ∞. Taking into account that α → 0 and α 2 N = const, one can see that f k = O N −k/2 for N → ∞. In this limit, also the order of the overlap n|D † ph (α N −4 2 ) |k can be determined. Therefore we use |k ∝ (â † ) k |0 and the commutation relation [D ph (x),â † ] = xD ph (x) in order to express the overlap in terms of n|D † ph (α N −4 2 )|0 . Then, one can show that
As a consequence, the ground state remains a coherent state with a Poissonian photon distribution. This is different for finite n, where differences between odd and even n are present and the photonic part can show non-classical features.
V. PHASE DIAGRAM
We are now in the position to analyze the phase diagram of the QTFIM on a chain. To this end we combine our analytical findings presented in the weak-and strong coupling limit in the last section with numerically exact diagonalizations of small systems up to N = 10.
Most importantly, we can locate the quantum phase transition between the magnetically ordered phase and the lasing phase to an arbitrary precission in the thermodynamic limit, since i) the ground-state energy of the magnetically ordered phase does not depend on the lightmatter interaction and ii) the ground-state energy of the lasing phase has been shown to correspond exactly to the one of the transverse-field Ising chain in the polarized phase. The crossing of both ground-state energies with β ≈ 0.294 yields the quantum phase transition point of the QTFIM on a chain geometry. For J/ω c = 1, the analytic and numerical ground-state energies per site are shown in Fig. 3 . The phase transition at g 2 /ω 2 c ≈ 3.40 (vertical red line) is first order, which can be seen directly from the kink of the ground-state energy in the thermodynamic limit (dashed line), which separates the magnetically ordered phase (small g 2 /ω c ) and the lasing phase (large g 2 /ω c ). We note that the numerical data for finite N displays the same qualitative behaviour and approach the expressions of the thermodynamic limit in a monotonous fashion. Altogether, when comparing to the conventional transverse-field Ising chain, the order of the phase transition changes to first order in the QTFIM and the extension of the ordered phase becomes larger.
Both ordered phases can be characterized by an order parameter, namely the magnetization per spin M z for the magnetically ordered phase and the photon number per spin n for the lasing phase. Interestingly, both order parameters can be deduced exactly in thermodynamic limit, which is again a consequence of the vanishing quantum fluctuations in the weak-coupling regime and the mapping to the conventional TFIM for the lasing phase. The corresponding analytical and numerical results for the two order parameters are shown in Figs. 4 and 5 for J/ω c = 1. In the thermodynamic limit, the magnetization per spin jumps at the phase transition point from the maximally ordered value 1/2 of the pure Ising model to zero in the lasing phase, in full agreement with the first-order nature of the phase transition. In contrast, the magnetization per spin for finite N is a smooth function in the regime of the magnetically ordered phase with values smaller 1/2 signaling true quantum fluctuations in the ground state. Interestingly, M z remains almost zero in the lasing phase even for finite N . The photon number per spin n in the thermodynamic limit is only finite in the lasing phase and serves as the proper order parameter. At the phase transition this quantity jumps from zero to n ≈ 0.85 and it increases linearly as a function of g 2 /ω 2 c within the lasing phase:
where λ = 2Jω c /g 2 and λ crit ≈ 0.588. Again, the results for finite N are fully consistent and approach the first-order phase transition of the QTFIM smoothly for increasing N .
A. The dual transformation: the transverse field in a quantized Ising chain
Next we introduce an exact duality of the QTFIM for ω 0 = 0 to a transverse field in a quantized Ising chain. Such a Kramers-Wannier duality is well known for the conventional TFIM on a chain which even displays an exact self-duality. To this end we introduce pseudo-spins 1/2 on links ν described by Pauli matrices τ . The pseudospin state | ↑ (| ↓ ) is then identified with ferromagnetic (anti-ferromagnetic) spin configurations | ↑↑ and | ↓↓ (| ↑↓ and | ↓↑ ) on the corresponding link. The Ising exchange is then mapped to an effective field term in the pseudo-spin language and each operator σ x i in the quantum Rabi Hamiltonian becomes an effective nearest-neighbor Ising exchange τ z ν τ z ν+1 . In total one obtains the following dual Hamiltonian of the QTFIM for ω 0 = 0
which corresponds to a transverse field in a light-induced quantized Ising chain. Let us stress that this non-local mapping does not keep track of state properties as well as degeneracies. However, the QTFIM and its dual are isospectral and we can therefore directly conclude that also H QTFIM dual displays a first-order phase transition in the thermodynamic limit, but in this case between a symmetry unbroken phase with zero magnetization per spin and zero photons per spin at small g and an ordered phase with finite M z and n for large g. These findings are indeed in accordance with general considerations of Rabi Hamiltonians competing with short-range interactions [38, 39] .
VI. CONCLUSIONS
In this work we have combined two paradigmatic models, the Ising model from condensed matter physics and the quantum Rabi Hamiltonian from quantum optics. The latter corresponds to a light-induced quantized magnetic field and we therefore consider the QTFIM as the paradigmatic model to study what one could call optomagnetism. Here we have investigated in detail the simplest, geometri-cally unfrustrated, geometry which is the one-dimensional chain and we focused on the case ω 0 = 0. In the thermodynamic limit, the phase transition between the magnetically ordered weak-coupling phase and the strong-coupling lasing phase can be determined to an arbitrary precission. This is the consequence of the fact that quantum fluctuations are absent in the magnetic phase and that we found the appropriate connection of the lasing phase to the analytic solution of the conventional transverse-field Ising chain, both resulting from disentangling extensive and sub-extensive contributions to the ground-state energy. The phase transition between the two ordered phases is first order for ferro-and anti-ferromagnetic Ising interactions, in agreement with previous works [19, 40] but in contradiction to the mean-field calculation in Ref. [20] . We further extended the well-known Kramers-Wannier duality for the transverse-field Ising chain to the QTFIM resulting in the isospectral light-induced quantized Ising model in a tranverse field, which therefore also displays a first-order phase transition. In the future it would be interesting to extend our calculations to the case ω 0 = 0 so that only one Z 2 -symmetry remains and a second-order superradiant phase transition is known to be present. Another important aspect is a generalization of the light part, e.g. Rabi lattice models with discrete gauge symmetry due to local photon operators are known to exhibit firstand second-order quantum phase transitions depending on the photon quantum dynamics [41] .
Experimentally, the QTFIM chain is expected to be realizable in a variety of quantum platforms [19] . For example, a direct implementation within circuit QED has indeed already been given in [20] . Other possible suitable candidates for experimental implementations could be within the field of opto-magnonics using YAG magnetic spheres in microwave cavities [42] or in ion traps, where the tailoring of collective motional modes can lead to a variety of spin models [43] . Alternatively, the manipulation of internal degrees of freedom with cavity quantum optical fields leads to an alternative platform where magnetism can be studied and observed as spinor ordering and texture formation in cold quantum gases [17, 18, [44] [45] [46] .
In conclusion, the interplay between matter-matter and light-matter interactions can lead to a strong imprint of quantum cooperativity. Such opto-magnetic systems represent a promising playground for the discovery of yet unknown quantum phenomena and therefore hold the key for the emergence of quantum materials with enhanced capabilities.
The longitudinal field ω 0 S z is transformed in the same way as the Ising Hamiltonian. We use S z = i σ z i /2 and do not write the constant prefactors. Then, we obtain
where again A2 is applied. Since the photonic operators commute with all spin operators, these were written in front of the commutators. The remaining spin commutators are only non-zero if the index i of the outer sum is equal to all indices of the sums within the commutator. Furthermore, one can find for the concatenated commutators
where n is the number of Pauli-x operators within the commutators. The final result for the transformed iŝ
To find the energies of the QTFIM in the limit where the Ising interaction is a perturbation, we will use the displaced basis and make use of Eq. (4b). We will then notice that the perturbed energies can be exactly derived from the exact solution of the TFIM. For J = 0 the two eigenstates of H Rabi are given by |Ψ l = |0 ⊗ (⊗ ν |← ν ) and |Ψ r = |0 ⊗ (⊗ ν |→ ν ). Treating H Ising as a perturbation the most important point to realize is that the terms
do not give rise to extensive corrections of the ground-state energy for finite perturbation orders. The reason for that is the factor 1/ √ N inr. Hence to obtain extensive perturbative corrections of the ground-state energy only the term zz = i σ
is relevant. We reformulate the problem as finding the ground-state energy per site e 0 = E 0 /N of the Hamiltonian H = H Rabi − J N i=1 σ z i σ z i+1 perturbatively in Jω c /g 2 for N → ∞. W.l.o.g. one can choose the eigenstate at order zero perturbation theory as |Ψ r . Since the magnetic and the photonic part of H Rabi completely decouple we only write the magnetic part in the following derivation.
If a spins of |Ψ r are flipped, the energy of
If a is finite and N → ∞ this is equal to N/4(− g 2 ωc ) + a g 2 ωc and the spectrum of H Rabi is equidistant such that we can write
Comparing with the transverse-field Ising chain
we then immediately see that for h = g 2 /ω c a perturbation in J/h yields the same ground-state energy corrections in H TFIM as in the QTFIM. We conclude that given the perturbation series for the transverse-field Ising chain as e 0,TFIM (λ) with λ = 2J/h as in Eq. (8) the one for the QTFIM is e 0,QTFIM (Jω c /g 2 ) = e 0,TFIM (2Jω c /g 2 ) + g 2 4ω c .
In regions where the perturbative expansion converges this can be expressed with the exact formula for the ground-state energy of the Ising model in a transverse field [21] given by
For J = 0, we obtain e 0,QTFIM = −g 2 /(4ω c ) which is consistent with the solution of the quantum Rabi Hamiltonian.
Approach 2: Mean-field approximation
We now show that taking expectation values of the photonic part in the high-field phase leads to the same mapping as the previously described perturbative approach. To show this we use the original form of the Hamiltonian and assume that the photonic state of the system is a coherent state |α withα = g √ N /(2ω c ). For the mean-field ansatz we writeâ = â + δâ andâ † = â + δâ † where we assume that â † = â as a consequence of coherent photonic states. This way we rewrite the QTFIM Hamiltonian as
Because we are only interested in extensive contributions we discard all terms that are fluctuations of order √ N . The expectation value â =α = g √ N /(2ω c ). This yields
This is the same result as obtained with the perturbative expansion.
Appendix C: Perturbative expansion in the strong-coupling limit Let us compute in perturbation theory the corrections to the ground-state energy and the ground-state wave function for the case of weak Ising couplings Jω c g 2 . For this we start with the analytically available solutions for the Rabi model and treat the Ising part as a perturbation. For convenience, a photonic displacement operator is defined as follows:D
where x ∈ R. This operator acts only on the photonic part of the Hilbert space whereas the displacementD acts both on the spin and the photon part degrees of freedom. Moreover, we introduce α = g/( √ N ω c ).
Perturbation theory in the bare basis
The eigenbasis of the Rabi Hamiltonian can be written as |ψ (0) n,m,l =D † (|n ⊗ |m, l ) =D † ph (mα)|n ⊗ |m, l
where |n are the eigenstates of a † a and S x |m, l = m|m, l with an index to take into account that the spin states might be degenerate. The corresponding energy levels are E (0) n,m,l = nω c − g 2 N ω c m 2 = nω c − ω c α 2 m 2 (C3)
Apparently, the ground-state is degenerate twice. However, for simplicity we do not consider this degeneracy since the error due to this assumption vanishes for large N . Instead, the correction for the ground state |ψ 
where in the second line the values for the energies and the Ising operator were inserted and the magnetic and the photonic part of the scalar product were separated. The sum above can be simplified by considering the action of the z-Pauli matrices on the state |N/2, 0 = | →→ . . . . We introduce the notation and therefore, we can define a conditional displacement D yz ∝ exp (yz + zy)(â † −â )
which transforms the Hamiltonian into a diagonal form. This principle might also work for higher orders, such as α 2 where also terms describing two-photon generation are included. However, another operator than a conditional displacement must be used in order to diagonalize a Hamiltonian with squared annihilation and creation operators.
